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1 | INTRODUCTION

The determination of chemical structure, the relative arrangement of atomic nuclei in three dimensional space, is fundamental to chemistry. The two
most widely used experimental techniques to elucidate chemical structure are nuclear magnetic resonance (NMR) spectroscopym and X-ray crystal-
lography.”? However, these methods are not suitable when the targeted compound is present in low amounts or cannot be crystallized. Instead,
mass spectrometry methods, for example, electron impact mass spectrometry (EI-MS), coupled to chromatographic separation methods, for example,
gas chromatography (GC-MS), are routinely used for such applications.®®!

EI-MS is most commonly used to identify compounds with known mass spectra by comparing experimental data with commercial databases.
Identification of new compounds, where reference spectra are unavailable, is much more challenging.[‘” To confirm the structure of an unknown
compound, one must examine the mass fragmentations; the mechanisms involved, and compare with literature data. It is extremely difficult to
reduce the candidates to a single compound, and often it is required to laboriously synthesize multiple candidate compounds, subsequently compare
mass spectra, and in an interactive manner predict new candidates until the spectra match.

One particular application of interest to us, where GC-MS is the key method for natural product identification, is insect semiochemicals critical
in pest control and evolutionary studies.®? Some examples of compounds targeted in this work are shown in Figure 1. Yet another example of
great interest would be the identification of unknown volatile organic compounds in atmospheric pollution chemistry applications with GC-Ms 119
Furthermore, with efficient tools facilitating correlations of chemical structure and mass spectrum, mass spectrometric protocols could become
affordable alternatives to NMR spectroscopy in many routine applications.

With the introduction of high resolution mass spectrometers coupled to GC in many laboratories, the chemical formulae for molecular ions and

fragments can easily be obtained. Consequently, the main obstacle is to predict, de novo, the structure of the unknown molecule from its molecular
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FIGURE 1 The molecular structure of specifically selected natural products. Note that compounds C, D and E are isomers with identical
formula C1oH160

formula. Unfortunately the number of possible candidate isomers grows combinatorically with the size of the molecule. Therefore, some form of
modeling would be invaluable to identify or narrow down the possible candidate structures.

Machine-learning or artificial intelligence methods were the first to be used in conjunction with mass spectrometry for predicting the structure of a
molecule from its mass spectrum. In fact, the Dendral project for just this purpose was also one of the first significant machine-learning projects ever
attempted.m] Since then a variety of methods that adopt artificial intelligence and machine-learning approaches to elucidate substructures from mass spec-
tra have been reported.m'“] One particular example is competitive fragment modeling for metabolite identification (CFM-ID) for predicting El-Ms [15:16]

A different modeling approach is possible using ab initio quantum chemistry. In ab initio quantum chemistry, it is possible to predict the probabil-

[18]

ity of obtaining certain mass fragments unbiased by experimental inputs used in training or learning algorithms.[m Recently, Grimme'**' reported

such a predictive method that accounts for both the thermodynamics and kinetics of the molecular fragmentation processes. This groundbreaking
method is unfortunately computationally demanding and time-consuming, limiting its use in identifying molecular isomers from mass spectra.[19] In
this context, an important realization which has not yet been emphasized in the literature is that it may not be necessary to predict the full mass
spectra to identify the structure of the unknown compound: rather, it may be sufficient to reliably predict just a few critical and unique parts of the
spectrum, so-called “fingerprints” or “signatures.” More recent, a comparison between the method of Grimme and coworkers (ab initio Quantum
Chemical Electron Impact Mass Spectrum [QCEIMS]) with the CFM-ID model has been made.? This study showed that the performance of the
QCEIMS for predicting EI-MS is more efficient than CFM-ID model.

In this work, we continue investigations based on ab initio wavefunction methods for mass spectra predictions. However, rather than trying to model
the fragmentation process we focus on using nondynamical ab initio bond indices for predicting only the mass-to-charge ratio of the base peak in the
spectrum. Importantly, the density functional theory (DFT) methods we use here are already sufficiently fast to use for small to medium sized molecules.

Mayer and Gomory were the first to use ab initio methods to predict bond orders and the primary fragment in the mass spectrum,?Y and they
showed that large differences between the bond orders of the neutral and cation wavefunction were useful for predicting the primary fragmentation
product. The argument supporting this hypothesis is not clear, but it seems to be that the bond undergoing the “most weakening” (as measured by
bond index change) is the one most likely to fragment. We consider this to be essentially a kinetic argument—the weakening of the bond being associ-
ated with a reduction in the barrier for bond breaking—coupled to a Hammond-like postulate that information on the transition state is available from
the nearby equilibrium structure.”? In calculating the bond index changes, Mayer and Gomory used a cation wavefunction obtained by simply remov-
ing the HOMO or second HOMO of the neutral molecule (kept at the same geometry)—the so-called vertical “quasi-Koopmans approximation.”

In this article, we extend Mayer and Gomory'’s idea and test a range of molecules with various chemical structures. We consider using not only
the difference in the bond orders between the neutral and cation, but the bond orders of the neutral and cation species themselves, as well as a

(23] which is known to be stable with basis set

combination of all three quantities. Unlike Mayer and Gomory we use the Roby-Gould bond index!
extension. Furthermore, we re-optimize the geometry after removing one electron, that is, we consider an adiabatic rather than vertical transition.
We restrict our attention to C—C bond cleavages, and we do not attempt to predict hydrogen rearrangements.[z‘” As a necessary preliminary to this

work we also characterize and describe the behavior of the values of the Roby-Gould bond indices for a series of chemical structures.

2 | METHODS AND MATERIALS

2.1 | Roby-Gould bond indices

Roby-Gould bond indices have been described in the Ref. [23] hence only a brief summary of their properties is given here.
In short there are two Roby-Gould bond indices: one covalent cag and one ionic isg. In fact, the Roby-Gould bond indices are calculated as
expectation values from a wavefunction, in exactly the same way that all quantum mechanical properties; cag and iag accord with the usual definition

of a bond order.
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These are defined between two regions A and B which are usually (but not necessarily) associated with two atoms. The operator Rup is the

Roby shared population operator, while I4g is Gould’s population difference operator,
Rap=Pa+Pg—Pag, (3)
Iap=Pa—Pg. (4)

Here, A and B label subspaces V, and Vg, respectively, which are supposed to represent a pair of “atoms.” P, and Py are the idempotent projec-
tion operators associated with the spaces V4 and V5. In this work V, (resp. V) is equal to the span (i.e., the subspace obtained by all linear combina-
tions) of the “occupied” atomic natural spin orbitals (ANOs) obtained from a spherically averaged isolated-atom unrestricted BLYP calculation for
atom A (resp. atom B) located at its position in the actual molecule, and using the atomic basis set for that atom. By “occupied,” we mean a spheri-
cally averaged ANOs with a population larger than 0.05 electrons. Pxg is the projection operator onto Vo®Vp (Although different choices for the
subspaces V4 and Vj are possible, and we do not claim that our choice is optimal, the atomic subspaces used should have some overlap. For exam-
ple, although one could define P, to be associated with the subspace spanned by a set of Dirac delta functions on a Bader atomic basin,'?® this

[26]

would result in no shared electrons; in the word'’s of Parr and Yang'“®' p. 222 this kind of exclusive and disjoint partitioning causes the chemical

bond to “vanish into thin air.” Alternatively, from a quantum subsystem point of view, the trace distance between such basins would be equal to 1,

i.e., such basis are orthogonal and separate.m]

This is not to say that such basis are not useful for chemistry, only that they are not useful for per-
forming a Roby-Gould bonding analysis.). Finally, the notation (1/|X|) refers to the pseudoinverse of the operator X=vXTX.

The expectation value of Rag is Roby’s shared electron population, while the expectation value of I,z is the difference in electron population
between the two atoms. The eigenvalues of Rag and I5g are known to occur in pairs with opposite value: the positive-eigenvalue eigenstates repre-
sent “bonding” states, while the negative-eigenvalue eigenstates represent “antibonding” states. Further, the pairs of eigenstates of I, are related to

those of Rag by a 45 degree rotation, as per the Pythagorean relationship
Ris+13s=Pls- (5)

The total Roby-Gould bond index 1 is defined as following;

TAB=\/C/2;B+"/243~ (6)

A more detailed description of the Roby-Gould bond index method in the Appendix to facilitate reproduction of our results.
It has been established that the bond indices from the Roby-Gould method are generally chemically acceptable and are stable to basis set

[28]

extension.® In this study, bond indices were calculated using the free Tonto program package'“® using the text version of the Gaussian checkpoint

file, which containing the geometry and Kohn-Sham orbitals.

2.2 | Wavefunctions

Wavefunctions were calculated at the BLYP/6-31G(d) level with Cartesian Gaussian basis sets, using the Gaussian 09 program.’®? Closed-shell species
used the restricted formalism, while cation wavefunctions employed the unrestricted formalism. Initial geometries were generated by using universal
force field (UFF) method®¥ in the Avogadro program.[34] Optimized geometries were used throughout, corresponding to the adiabatic rather than vertical

electronic transition. The geometries and output files are deposited for open access figshare.com under https://figshare.com/s/42857cc7421faf14cbc2.

2.3 | Dataset A

To benchmark the bond index method, we formulate dataset A comprising 75 molecules; 1-70 are given in Figure 2. The chemical formulae and
number of isomers are detailed in Table 1. This set also includes five specifically targeted semiochemicals, 71-75, which are given as a-e, respec-
tively, in Figure 1. The molecules in this dataset were chosen to have a variety of the most common functional groups and bond types, hence con-
taining alcohols, amines, alkanes, alkenes, aldehydes, ketones, thiols, and phenols. All of the selected compounds and corresponding structural

analogues have associated experimental mass spectra available online in NIST web book.[**

2.4 | Dataset B

There have only been a few publications concerning the Roby-Gould bond indices.233¢37! Therefore, it is necessary to examine and characterize
the distribution of typical values of this bond index to see if the values obtained are chemically sensible. For this purpose, which is distinct from the
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FIGURE 2 Structures of compounds 1-70 as part of dataset A

base peak predictions, we extend dataset A with dataset B, which comprised another 28 molecules; these are listed in Table S1 in the Supporting
Information. The molecules in dataset B include semiochemicals such as chiloglottones®®®*?! and hydroxymethylpyrazines.“>*Yl The combination of

the two datasets comprise 103 molecules in total.
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TABLE 1 Chemical formulae and the number of isomers for dataset A

Chemical Formula No. of isomers

Alcohols: 12

CsH,0OH 2 2

C4HyOH 3 (3)

CsH4,OH 7 (0,2,1)
Amines: 10

C3HoN 3 (3)

C4Hq4N 7 (2,1,2)
Alkenes: 12

CsHaio 3 (1,2)

CsHa1z 9 (2,0,1,1)
Aldehydes & Ketones: 6

C4HgO 2 0,

CsH400 4 (2,2)
Thiols & Sulfides: 15

C4H40S 6 (4,1)

CsH12S 9 (4,1,1)
Methyldecanes: 4

Ci1aHo4 4 (1,0,1)
Phenols: 11

C,H,OH 3 (0,0,1)

CgHyOH 5 (0,0,0,0,2)

CsHsO2 3 (0,0,1)
Selected natural products: 5

CisHoq 1 (1)

CgH140, 1 (1)

C10H160 3 (3)

The number of isomers with the same mass-to-charge ratio for the base peak is shown as a list, specifically (ny,nz,ns, ..

UANTUM
HEMISTRY

Isomers with same base peak

WILEY-L2**

No. correct/near miss

11/1

10/0

10/1

6/0

12/2

2/0

11/0

4/0

.) indicates there are n; spectra

which have a distinct base peak, n, pairs of spectra which have the same base peak, ns triples of spectra which have the same base peak, etc. The total num-
ber of correct base peak predictions is given (“No. correct”), as well as the number predicted within one or two mass units of the base peak (“Near miss”).

2.5 | Protocols for predicting base peaks

Here, we present seven different protocols for predicting the base peak in EI-MS. We call these protocols: MBIO, the smallest bond index in the neu-

tral species; MBI+, the smallest bond index in the cations; MO, the smallest CC bond index in the neutral species; M+, the smallest CC bond index

in the cation species; MG, the biggest change in bond index between two carbon atoms in the neutral and cation species; MC, the two or three of
MO, M+, and MG protocols agree with the same C—C bond; and MCMG, a combination of protocols MC and MG.
For each protocol, we test whether the calculated bond index corresponds to the base peak in experimental mass spectra. Scheme 1 summa-

rizes how the protocols MG and MC are built from the MO and M+ protocols.

2.5.1 | MBIO
Minimum bond index in the neutral species of dataset A overall pairs of atoms,
nmei:ltral =min Tneutral’ where

et (ol j=1,a},

and where np is the number of atoms in the molecule.

25.2 | MBI+

Minimum bond index in the cations of dataset A with all types of bonds,

rcTz]atlon =min Tcatlon7 where
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Weakest bond index
in neutral species

MO
‘Weakest C-C
bond index in
neutral species
—
[ MG
The biggest change in bond index
between two carbon atoms in the
neutral and cation species
|

MC

"Consensus"
The two or three of M0, M+ and MG
protocols agree with the same
C-C bond

‘Weakest bond index
in cations

SCHEME 1 The dependency of the six protocols used to predict the base peak in EI-MS. The colors used for each protocol correspond to
those in Figure 5. The central panel in pink is the modified protocol of Mayer and Gomory (protocol MG)

o= (g b j=1,na}-

2.5.3 | MO

Weakest carbon-carbon bond in the neutral,

neutral neutral -
Tminice) =min {z¢¢, " li.j=1.nc}.

254 | M+

Weakest carbon-carbon bond in the cation,

Tt =min {rca“°“|l j=1,nc}.
255 | MG
The biggest change in bond index between two carbon atoms in the neutral and cation species,?*!
AZE=max Acc, where
Acc={A(C;G))li,j=1,nc}, and

A(C C ) neutral ,L,Eagon

iGo

(10)

(11)

(12)

(13)

(14)

(15)

Here, nc is the number of carbon atoms in the molecule, and et and t<tion are the bond index values in the neutral and cation species,
c [o1e? GG

respectively. Unlike the work of Mayer and Gomory, the geometries of both species are optimized and we use fully relaxed wavefunctions. We then

test whether the largest peak in the mass spectrum corresponds to the fragment(s) obtained when bond C,C, breaks, where C,C; corresponds to

AZES; and we consider the result correct if the mass-to-charge ratio value (m/z) of either fragment matches. Peaks whose magnitude are within 10%

are regarded as equal in the mass spectra.
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25.6 | MC

A “consensus” method: if two or more of the above three protocols (MO, M+, and MG) agree in predicting that the same bond C,C, breaks, then

that bond is regarded as the one that actually breaks; otherwise no prediction is made.

2.5.7 | MCMG

We test a combination of protocols MC and MG whereby if MC does not give a prediction, we use the result from protocol MG (the only difference

to protocol MC is that a prediction is always made in this method).

3 | RESULTS AND DISCUSSION

3.1 | Characterization of the C—C bond index

We have analysed the Roby-Gould bond indices for C—C bonds in the combined datasets A and B. These bonds are the most important
for our protocol to predict the base peak. The distribution of values is presented in Figure 3. We observe for these closed shell neutral spe-
cies that the bond indices are peaked around values of 1.00, 1.50, and 2.00 in accord with expectations of C—C single, aromatic, and dou-
ble bonds. In contrast, for the associated cation species, the bond indices are more evenly distributed: indeed, the peaks around the value
of 2.00, corresponding to C=C double bonds in the neutral species, are virtually absent in the cation case (Figure 3B). Consequently,
whereas the bond indices in the neutral species are easily estimated using simple Lewis structure diagrams, those for cations require quan-

tum mechanical wavefunction calculations.

3.1.1 | Correlation between bond index and bond length

Figure 4 shows plots of the 1362 C—C Roby-Gould bond indices as a function of the bond length, for both neutral and cationic species.



8 of 14 WI LEY |_L|‘I EA,kllmsl-'lr‘l & ALHAMEEDI T AL

21
1.9
1.7
15

13

Bond Index

11

0.9

0.7
13 135 14 145 15 155 16 1.65 1.7 175 18

Bond length

(A) Neutral species

21
19
17
15

13

Bond index

11

0.9

0.7
13 1.35 14 1.45 15 1.55 16 1.65 1.7 175 18

Bond length

(B) Cations

FIGURE 4 Bond index versus bond length (in Angstrom) for C—C bonds in datasets A and B for (A) the neutral species and (B) the cations

We observe that the data points lie on a quadratic curve with a correlation coefficient R? of 0.99 and 0.96 for neutral species and cations,
respectively. Again, it can be seen that the cationic species bond indices are widely distributed across the range of bond lengths whereas the neutral

species bond lengths are grouped into three distinct regions.

3.1.2 | Adequacy of the BLYP wavefunctions

An important conclusion to note from Figure 4 is that any small change in molecular geometry will only slightly affect the Roby-Gould
bond indices that are obtained. Specifically, at the level of BLYP/6-31G(d) that we have used, the bond length changes relative to high
level CCSD(T) calculations are only 0.01A;%?! hence our results show that changes in the bond lengths of this order will hardly change the

bond indices at this level of theory.

3.2 | Base peak as a tool for identifying structure

Table 1 lists the number of isomers corresponding to each chemical formula, and it further lists in the third column how many of these isomers have
different base peaks. We observe that only 22 of the 70 molecules in dataset A are distinguishable from their base peak value. Indeed for the phe-
nols with formula CgHyOH all five isomers in our dataset have the same base peak, the molecular ion (which as we will see in Table 1, is correctly
predicted using protocol MG; the molecular ion is the base peak because the protocol predicts that the ring is opened). Thus, even in this small data-
set the use of base peak is not sufficient to determine the structure from a set of mass spectra for isomers. The base peak is nevertheless useful,
because if we consider how many of these are distinct up to a pair of compounds then the table shows that 35 out of the 75 molecules are distin-
guishable; the ability to narrow down the structure of the compound to a pair of structures is still very useful considering how labor intensive the

standard procedure of identifying unknown compounds from EI-MS is.

3.3 | Performance of the protocols for predicted base peak

Figure 5 shows the number of correct predictions for the base peak for our four protocols (MG, MO, M+, and MC), evaluated on dataset A. Other
protocols (MBIO, MBI+, and MCMG) are discussed in the Supporting Information.
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FIGURE 5 The percentage of correct predictions for the base peak of EI-MS in dataset A, using (A) protocol MG, (B) protocol MO, (C) pro-
tocol M+, and (D) protocol MC. Number of compounds are given in brackets

It is quite remarkable how successful protocol MG is in predicting the base peak, as shown in Figure 5A. The lowest success rate is for
methyldecanes with 50% correctly predicted, albeit out of a total number of four molecules. The base peak was predicted correctly for
80% or more of the molecules. In the cases, where the cation dissociated during optimization, we assumed that one of the two resulting
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fragments corresponded to the base peak in the experimental spectrum; this occured for all the cations from alcohols except 3-pentanol 7
and 3-methyl-1-butanol 9.

If we further analyze whether the success of the method comes from the weakening of the neutral or cation bond indices, we find that it is neither
on its own, as shown in Figure 5B,C. For example, for the eight phenols, it is only the difference that correctly predicts the base peak. Therefore, it is not
very surprising that while the consensus protocol MC, Figure 5D, produces better results than both MO and M+, it is not better than protocol MG.

We emphasize that our protocols are not capable of dealing with rearrangement processes since they only apply to simple bond breaking, not
bond breaking coupled to bond formation. This can be seen in Table 1 with four molecules where the predicted base peak differs by one or two
units, presumably due to hydrogen rearrangement.

We also emphasize that our protocols do not predict which of the two fragments is charged. However, if needed, standard thermochemical

methods in quantum chemistry are certainly able to solve this problem by calculating the relative energies of the charged fragments.

3.4 | Predicted base peak for selected natural products

To demonstrate the efficacy of protocol MG, we have selected five diverse natural products with the molecular formulae C4s5Ho4 (71), CgH1402
(72), and C1oH440 (three isomers 73-75) shown in Figure 1. (E)-B-Farnesene (71) is an alarm pheromone for aphids.*® 2,3-Octanedione (72) has
been shown to be an important indicator of botanical diversity of use in assessing the quality of feed for ruminants.**! Artemisia ketone (73) is the
major constituent of essential oil of many Artemisia plants.[45] Similarily, cis-tagetone (74)¢! and hotrienol (75)”) are known as essential oils in sev-
eral plants. Their experimental spectra are shown in Figure 6.

The last bar in Figure 5A shows the percentage of base peaks predicted correctly for these selected natural products using protocol MG. We
obtained three correct results out of five compounds. For (E)-B-farnesene (71), the second largest peak (m/z = 69) was correctly predicted. For cis-

tagetone (74), the base peak was correctly predicted by the second largest value in the set Acc, Equation 14.

4 | CONCLUSION

In this study, we have demonstrated that ab initio Roby-Gould bond indices obtained from the optimized molecular geometries of the neutral and

cationic molecular species can be used to reliably predict, using our protocol MG, the mass-to-charge ratio of the base peak in the EI-MS for a wide
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range of systems where breaking of C—C bonds is responsible for the fragmentation processes. As far as we are aware, this is one of the few times
that a large number of bond indices have been benchmarked statistically so as to demonstrate reliable predictions of a bona fide physicochemical
property, the EI-MS base peak.

In contrast to neutral species, the Roby-Gould bond indices for C—C bonds in cationic species are much more unpredictable. Since we have
demonstrated that predicting the main fragment of the mass spectrum via protocol MG required properties of the cation species, it follows that
methods which attempt to predict fragmentation patterns based solely on the chemical structure of the neutral species are in essence trying to pre-
dict the quantum mechanics of cationic species—a very difficult task indeed for simple fitting or artificial intelligence methods.

Clearly, one advantage of using our protocol for predicting base peak in EI-MS is that it is not computationally demanding or time-consuming,
unlike thermodynamic methods which may involve an unfeasibly large number of computations on molecular fragments as the molecule size increases.

Finally, we allow ourselves a brief speculation. Although the use of the base peak is bound to be less useful for larger molecular species, our
work here on small compounds is still relevant to the analysis of (MS)" experiments, where the fragments of a mass spectrum are themselves subject
to further electron impact fragmentation. After only a few of these steps, relatively small fragments are obtained. The use of the base peak protocol
MG, or some other quantum mechanically based protocol, coupled with analysis of the spectra of such fragments offers the possibility to obtain the
correct molecular structure via an aufbau process (even with a success rate of 88%, as found in this work) because one may expect that the likeli-
hood of obtaining successively correct base peaks for fragments of a putative molecule which is not the actual molecule will become more and
more unlikely, relative to the actual molecule, the more fragments that are analyzed. This is simply the product rule for probabilities, used to great
effect in, for example, DNA profiling.
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APPENDIX : ROBY-GOULD BOND INDICES

In this appendix, we describe and present formula for the Roby-Gould bond indices in a finite molecular space-spin basis set. The original paper'®!
did not give such explicit expressions and it is hoped that this presentation will be less abstract for those interested in reproducing our results and
checking the required algebraic manipulations. Should an actual implementation of these equations be needed, this is available in the open source

[28]

program Tonto'* available on github at github.com/tonto-chem.

1. First, the density operator for the molecule is defined by

%) Dap (1] (A1)
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The molecular density matrix D in the equation above is obtained from the quantum chemical method for the desired molecular state (charge

and multiplicity). n is the number of basis spin-orbitals, normally twice the number of spatial basis functions.

2. Next, one must obtain the coefficients A,; for the spherically averaged atomic natural spinorbitals (ANOs),
Na
=Y Al =1, N (A2)
=1

Here, {\Xu } _, is the set of basis spin-orbitals on atom A of which there are ns, and N3* occupied ANOs on this atom (it is important to realise
Nge is not necessarily equal to the number of electrons on the atom A). The ANOs are obtained by finding the eigenstates of the spherically average

(291 with p” being defined like p above but being the density operator for the spherically averaged isolated

density operator p* in the usual way,
atom calculated using the unrestricted version of the quantum mechanical method used in the first step. Spherical averaging is performed as
described in Refs. [30,31] using the octahedral group Oy,. A particular spherically average ANO is deemed to be occupied if it's occupation number
(the corresponding eigenvalue of p*) is greater than 0.05. The spherically averaged ANOs are orthonormal, that is, (AilAj)=38;; where J; is the Kro-

necker delta.
3. The the projector P4 for the atom A in the space Va=span {|y, )}, is defined by

Nocc

Pa= Z\A> (A3)
Ny ha
= (A4)
a=1p=1
Ngee
Di=> " AAs. (A5)
i=1

4. Gould's operator Ing=Ps—Pg for atoms A and B in the space

Vag=Va®Ve=span {|/2%) }nAE e,

where XQB is the list of concatenated atomic spin-basis functions on atoms A and B,

) if & <ny
=1 s (A6)
Ta-ng) 1T Na<o < nag
is defined by
Nag  Nag
las=> > 148 (138, where (A7)
o=1 p=1
D" o0
Me= . (A8)
o -D°
Likewise, Roby’s shared operator is given by
Nag  Nag
Rag= \,(AB )/‘B| where (A9)
a=1 =1
D’ o
RAB = —(8"%)1. (A10)
0 DB

5. According to the original paper[23 an ionic eigenstate characterised by Araki angle 6,

Nag

lsin0)=>"L|"), (A11)
a=1

is an eigenstates of Gould's ionic operator Iz that is,
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Iag|sin 0) =sin 0|sin 0). (A12)
This leads to the following matrix eigenvalue equations
1B$*B1=sin ;1 (A13)

where §*8

is the overlap matrix between the basis spin-orbitals in V. The eigenstates corresponding to a zero eigenvalue (i.e., a zero Araki angle,
0;=0) correspond to linear dependencies and are a mathematical artefact, therefore, not of interest in bond analysis. Likewise, angles corresponding
to a unit eigenvalue (i.e., an Araki angle of 6;=m/2 correspond to nonbonding nonoverlapping orbitals on the two atoms) and are likewise removed
from the following analysis. The remaining nonzero eigenvalues were shown to come in pairs of opposite sign, representing bonding and antibonding

[23]

pairs“* and the degenerate paired subspaces are labeled by their angle V).

6. To construct the eigenstates of the Roby operator Ryg we need to ensure that any degeneracies are handled properly. To this end, we explicitly
construct the negative ionic eigenstates |—sin ) from it's paired positive eigenstates counterpart |+sin 6) by projecting that state with P, and Pg to,
respectively, obtained the two linearly independent components in the space V, and V; (egs. 56, 57, 63, and 64) in the previous paper®) and the
construction of the negative eigenvalue state from these two components (eq. 64) in the previous paper). This leads to the following expression for
the negative eigenvalue coefficients I, in terms of the corresponding positive eigenvalue coefficients [ :

Nag

|=sin0)=>_1, 14", (A14)
a=1
I"=p~S"8I", (A15)
P=<3+DA 0 > (A16)
0 gDf
g =[(f"=f")+cosO(f~ +f")](F~+f"), (A17)
sind

and where I are, by analogy with Equation A14, the expansion coefficients for the eigenstate |+sin 6).

7. The covalent eigenstates are equal to a /2 rotation of the ionic eigenstates,

R'=>[I"+1"], and (A19)

N~

R =[I"=1"]. (A20)

N -

8. The covalent and ionic populations of the paired states are given by, respectively,
nci:(’r)TSABRABSAB’t7 (A21)

n®=(R*)TS*BPESAER™ (A22)

1

and the covalent and ionic Roby-Gould bond indices in each subspace Vj are, respectively,
cpy=(nf—nZ)/2, and (A23)
ip=(n"—n;")/2. (A24)

Finally, the two components of the Roby-Gould bond indices are

CAg= Z ¢y, and (A25)
0<0<n/2

= > p. (A26)
0<0<m/2

In this work, an angle is regarded equal to zero or 1t/2 if it’s difference is less than (0.01")r/180. In previous work, we used the value (77 )/
180 but we have found that, for analyses between atoms (as opposed to groups of atoms) any numerically small value is adequate. This essentially
removes one of the ad hoc constants that had been introduced in the previous paper (the only remaining arbitrary constant is the value of 0.05 used
to decide an occupied ANO, in step 2).
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