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ABSTRACT: The computational modeling of fullerenes plays a
fundamental role in designing low-dimension carbon nanostructures.
Nevertheless, the relative energies of fullerenes larger than C20 and C24
have not been comprehensively examined by means of highly accurate ab
initio methods, for example, the CCSD(T) method. Here we report such
an investigation for a diverse set of 29 C40 isomers. We calculate the
energies of the C40 fullerenes using the G4(MP2) composite ab initio
method, which approximates the CCSD(T) energy in conjunction with a
triple-ζ-quality basis set (CCSD(T)/TZ). The CCSD(T)/TZ isomer-
ization energies span 43.1−763.3 kJ mol−1. We find a linear correlation
(R2 = 0.96) between the CCSD(T)/TZ isomerization energies and the
fullerene pentagon signatures (P1 index), which reflect the strain associated with fused pentagon−pentagon rings. Using the
reference CCSD(T)/TZ isomerization energies, we examine the relationship between the percentage of exact Hartree−Fock (HF)
exchange in hybrid density functional theory (DFT) methods and the pentagon−pentagon strain energies. We find that the
performance of hybrid DFT methods deteriorates with the pentagon−pentagon strain energy. This deterioration in performance
becomes more pronounced with the inclusion of high amounts of HF exchange. For example, for B3LYP (20% HF exchange), the
root-mean-square deviation (RMSD) relative to G4(MP2) increases from 8.9 kJ mol−1 for the low-strain isomers (P1 = 11) to 18.0
kJ mol−1 for the high-strain isomers (P1 > 13). However, for BH&HLYP (50% HF exchange) the RMSD increases from 23.0 (P1 =
11) to 113.2 (P1 > 13) kJ mol−1. A similar trend is observed for the M06/M06-2X pair of functionals. Namely, for M06 (27% HF
exchange) the RMSD increases from 0.8 (P1 = 11) to 21.0 (P1 > 13) kJ mol−1, whereas for M06-2X (54% HF exchange) the RMSD
increases from 16.7 (P1 = 11) to 77.7 (P1 > 13) kJ mol−1. Overall, we find that the strain associated with pentagon adjacency is an
inherently challenging problem for hybrid DFT methods involving high amounts of HF exchange and that there is an inverse
relationship between the optimal percentage of HF exchange and the pentagon−pentagon strain energy. For example, for BLYP the
optimal percentages of HF exchange are 13% (P1 = 11), 10% (P1 = 12), 7.5% (P1 = 13), and 6% (P1 > 13).

1. INTRODUCTION
Carbon fullerenes are pseudospherical carbon cages comprising
of (idealized) sp2-hybridized carbons.1−4 Classical fullerenes
consist of pentagon and hexagon rings, which results in a positive
Gaussian curvature.5 Fullerenes have many structural isomers
with different three-dimensional shapes, depending on the
distribution and connectivities of the pentagon rings. For
example, the different distribution of the 12 pentagons in C60
results in 1812 structural isomers.2 Fullerenes (in particular, the
smaller ones) are characterized by a curved π-electron system
delocalized over the whole molecule as well as strain energy,
which increases with the number of fused pentagon−pentagon
rings.6−12 These two features make fullerenes a challenging
target for quantum-chemical theoretical procedures. However,
because of their prohibitive computational cost, high-level ab
initio investigations of fullerenes are scarce.1,13−16

Manna and Martin examined the relative stability of two C20
fullerenes of D3d and D2h symmetry at the CCSD(T)/CBS level
of theory (i.e., coupled-cluster energy with single, double, and

quasiperturbative triple excitations near the complete basis-set
limit). At the MP2-F12/V{D,T}Z-F12 + CCSD(T)/VTZ −
MP2/VTZ level (denoted by CCSD(T)/CBS(MP2)), they
found that the highly symmetric D3d structure is more stable by
1.9 kJ mol−1 than the D2h structure. Remarkably, they were also
able to obtain the energies of two C24 fullerenes (of Oh and D3d

symmetries) using the valence part of the high-level composite
W1h theory.17 Briefly, in W1h theory the Hartree−Fock (HF)
and valence CCSD and (T) correlation energies are calculated
using the following basis set extrapolations HF/V{T,Q}Z +
CCSDcorr/V{T,Q}Z + (T)corr/V{D,T}Z. At the W1h level, the
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C24 fullerene in Oh symmetry is higher in energy than the D3d
isomer by as much as 152.0 kJ mol−1.
By necessity, high-level investigations of the much larger C60

fullerenes used more approximate CCSD(T)-based methods
and only a handful of selected isomers of the entire set of 1812
C60 isomers. Sure et al.1 obtained domain-based local pair
natural orbital (DLPNO)18 CCSD(T) isomerization energies
for a subset of 10 C60 isomers. In particular, they estimated
DLPNO−CCSD(T)/CBS* energies from DLPNO−CCSD-
(T)/Def2-TZVP energies and MP2/V{D,T}Z energies.1,19

This study considered the five energetically most stable C60
isomers and five higher-energy isomers with energies of up to
690 kJ mol−1. A later study16 calculated the relative energies of
eight highly symmetric C60 isomers using the high-level
G4(MP2) composite method.20 The G4(MP2) composite
procedure approximates the CCSD(T) energy in conjunction
with a triple-ζ-quality basis set (CCSD(T)/TZ) via an MP2-

based basis-set additivity scheme.21 G4(MP2) theory has been
found to consistently obtain structural isomerization energies
with chemical (or better) accuracy, arbitrarily defined as 1 kcal
mol−1 = 4.2 kJ mol−1).22−27 Of particular relevance to the
present work is the excellent performance of G4(MP2) for
isomerization energies in polycyclic aromatic hydrocarbons,22

conjugated → nonconjugated isomerizations in dienes,23 C8H8

structural isomerizations,24 and isomerization energies in
carborane cages.26 In addition, here we evaluate the perform-
ance of G4(MP2) theory for the above C20 and C24 CCSD(T)/
CBS isomerization energies of Manna and Martin. For the C20

fullerenes, G4(MP2) deviates from the CCSD(T)/CBS(MP2)
reference isomerization energy by merely 0.2 kJ mol−1. For the
C24 fullerenes, the G4(MP2) isomerization energy is higher by
3.3 kJ mol−1 than the W1h reference value; we note that this
represents a deviation of merely 2.1%.

Figure 1.Optimized structures of the C40 isomers in the iso-C40 database. The CCSD(T)/TZ isomerization energies fromG4(MP2) theory are listed
in Table 1.
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What is missing from the literature is a study that considers a
larger set of fullerene isomers at the CCSD(T) level of theory.
Here we calculate the isomerization energies of a diverse set of
29 C40 fullerenes at the CCSD(T)/TZ level (to be known as the
iso-C40 database). The isomers in the iso-C40 database are
shown in Figure 1. The database covers a broad spectrum of
structures with relative energies ranging between 43.1 and 763.3
kJ mol−1 relative to the most stable C40 isomer (1, Figure 1).
Reference isomerization energies at the CCSD(T)/TZ level are
approximated by means of the G4(MP2) composite procedure.
These benchmark values allow us to assess the performance of a
variety of contemporary density functional theory (DFT)
procedures for the isomerization energies. An important finding
is that the inclusion of even moderate amounts of HF exchange
in the functional form results in improved performance for the
low-strain isomers but significantly deteriorates performance for
the high-strain isomers.

2. COMPUTATIONAL METHODS
CCSD(T)-based composite ab initio methods are theoretical
procedures specifically designed for approximating the CCSD-
(T) energy close to the complete basis set limit (CCSD(T)/
CBS).28 In the present work, we use the well-established
G4(MP2) method20,21 to calculate the relative energies of the
C40 isomers. In G4(MP2) theory, the CCSD(T) energy is
approximated using the following formula.

E

E E

E E

E

CCSD(T)/TZ

CCSD(T)/6 31G(d) MP2/G3MP2

LargeXP MP2/6 31G(d) HF/ T, Q

HF/G3LargeXP

[ ]
[ ] + [

] [ ] + [ { }]

[ ] (1)

Here, HF/{T,Q} indicates extrapolation of the HF energy from
truncated versions of the aug-cc-pVTZ and aug-cc-pVQZ basis
sets.20 All ab initio calculations involved in the G4(MP2)
procedure were calculated using Molpro 2016.29,30 G4(MP2)
theory has been found to reproduce isomerization energies in
conjugated, aromatic, and cage systems within chemical
accuracy.22−27 All the C40 isomers were confirmed to have
singlet ground states at the MN15/Def2-TZVPP level of theory.
The adiabatic singlet−triplet separation energies are presented
in Table S1 of the Supporting Information.
The DFT exchange-correlation (XC) functionals considered

in the present study (ordered by their rung on Jacob’s Ladder)31

are the local spin density approximation (LSDA) SVWN3,32,33

the generalized gradient approximation (GGA) methods
BLYP,34,35 PBE,36 BP86,34,37 BPW91;35,38 the meta-GGA
(MGGA) methods M06-L,39 TPSS,40 B97M-V;41 the non-
separable gradient approximation (NGA)MN15-L;42 the global
hybrid-GGA (HGGA) methods BH&HLYP,43 B3LYP,34,44,45

PBE0;46 the hybrid-meta-GGA (HMGGA) methods M06,47

M06-2X,47 TPSSh,48 TPSS0,48 PW6B95;49 the hybrid-meta
NGA MN15;50 the range-separated methods CAM-B3LYP,51

HSE06,52 LC- ωPBE,53 ωB97X-D,54 M11,55 N12-SX,56 MN12-
SX;56 and the double hybrid (DH) methods B2-PLYP,57

mPW2-PLYP,58 B2GP-PLYP,59 B2K-PLYP,60 B2T-PLYP,60

DSD-PBEP86,61,62 and PWPB95.63 Empirical dispersion
corrections are included where possible using the atomic-charge
dependent D4 dispersion correction.64,65 All the DFT and
DHDFT single-point energy calculations were performed in
conjunction with the Def2-QZVPP basis set,66 using the ORCA
5.0 and Gaussian 16 program suites.67−69 Following the work of

Sure et al.,1 the geometries of all structures were optimized at the
PBE-D3/Def2-TZVPP level of theory and confirmed to have all
real harmonic vibrational frequencies. Zero-point vibrational
energies (ZPVEs) and enthalpic corrections are calculated
within the rigid rotor-harmonic oscillator (RRHO) approx-
imation at the same level of theory. All geometry optimizations
and frequency calculations were performed using the Gaussian
16 program suite.69

3. RESULTS AND DISCUSSION
3.1. CCSD(T)/TZ Isomerization Energies for the C40

Isomers from G4(MP2) Theory. Table 1 depicts the

G4(MP2) isomerization energies (ΔEiso) along with the single
pentagon signature (P1) indices for the isomers in the iso-C40
database (Figure 1), where P1 is defined as the weighted sum of
the Fowler−Manolopoulos pentagon indices (pn), that is, the
number of pentagons attached to n neighboring pentagons.

P np1
2 n

n1
1

5

=
=

The two energetically most stable C40 isomers are associated
with P1 = 10 and are separated by 43.1 kJ mol−1. 60% of the
isomers are associated with P1 values of 11−13 with relative
energies ranging between 65.4 and 286.2 kJ mol−1. The rest of

Table 1. CCSD(T)/TZ Relative Energies from G4(MP2)
Theory: Electronic Energy (ΔEe,iso), Zero-Point Vibrational
Inclusive Energy (ΔE0,iso), Enthalpy at 298 K (ΔH298,iso), and
Gibbs Free Energy at 298 K(ΔG298,iso) (in kJ mol−1)a

isomer No. P1 (ΔEe,iso) (ΔE0,iso) (ΔH298,iso) (ΔG298,iso)

1 10 0.0 0.0 0.0 0.0
2 10 43.1 44.0 43.9 44.0
3 11 65.4 63.0 63.4 62.7
4 11 94.3 92.0 92.4 91.7
5 11 117.4 115.6 115.9 115.4
6 12 142.7 136.5 137.8 135.7
7 12 159.9 157.1 157.5 156.8
8 12 164.2 160.9 161.4 160.5
9 12 167.2 164.0 164.4 163.5
10 12 173.4 168.6 169.6 167.8
11 12 194.2 190.5 191.1 189.9
12 12 198.5 193.1 193.9 192.4
13 12 206.3 202.6 203.1 202.2
14 13 210.8 205.2 206.1 204.5
15 13 216.2 213.0 213.4 212.5
16 13 219.5 213.3 214.5 212.3
17 13 237.3 232.4 233.1 231.8
18 13 241.8 236.4 237.2 235.7
19 13 286.2 281.4 282.0 280.8
20 13.5 294.3 288.6 289.4 287.9
21 14 332.5 326.6 327.4 326.0
22 14 342.6 334.1 335.6 333.0
23 14 377.0 367.7 369.1 366.4
24 14 388.5 379.7 381.2 378.4
25 15 400.4 392.7 393.8 391.8
26 15 412.3 403.4 404.8 402.3
27 15 448.0 438.8 440.2 437.8
28 16 472.6 461.8 463.4 460.5
29 20 763.3 736.8 742.8 729.7

aThe single pentagon signature (P1) indices are also listed.
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the isomers (34%) are associated with P1 values of 13.5−20 and
relative energies between 294.3 and 763.3 kJ mol−1. Figure 2

shows the CCSD(T)/TZ isomerization energies (ΔEe,iso) as a
function of the single pentagon signature P1 indices. With few
exceptions, there is a linear correlation between the ΔEe,iso and
P1 values. For example, the squared correlation coefficient
between the ΔEe,iso and P1 values is R2 = 0.96. Thus, our high-
level G4(MP2) isomerization energies confirm that the P1 values
are a good qualitative measure of the fullerene energetic stability.
Figure 3 shows the relative energy distribution of the C40

isomers on the electronic potential energy surface. With the
exception of the highly energetic tube-like isomer (29), the
isomerization energies vary more or less continuously in the
energy range between 43.1 and 472.6 kJ mol−1, where the
majority of isomers (62%) lie in a range of 100−400 kJ mol−1.
The energy difference between consecutive isomers varies
between 2.9 kJ mol−1 (isomers 8 and 9) and 44.4 kJ mol−1

(isomers 18 and 19). Thus, unlike the case for the C60 isomers,
where many consecutive isomers are separated by less than 1.0
kJ mol−1 from each other,1 it is reasonable to expect that a good
DFT method should be able to predict the energetic ordering of
the C40 isomers.
The G4(MP2) electronic isomerization energies (ΔEe,iso) are

converted to isomerization energies at 0 K (ΔE0,iso) by including
PBE-D3/Def2-TZVPP harmonic ZPVE corrections scaled as
recommended in ref 70. The ZPVE corrections are listed in
Table S2 of the Supporting Information. The scaled harmonic

ZPVE corrections tend to reduce the isomerization energies by
amounts ranging from 1.8 (isomer 5) to 26.5 (isomer 29) kJ
mol−1. As might be expected, a particularly large ZPVE
correction is obtained for the highly energetic, tube-like isomer
29. We note that the corrections for the ellipsoid-like isomers
(e.g., isomers 22−28) are still on the order of ∼10 kJ mol−1

(Table S2).
The isomerization energies at 0 K can be converted to

isomerization Gibbs free energies at 298 K (ΔG298,iso) by
including PBE-D3/Def2-TZVPP enthalpic temperature and
entropic corrections. The two corrections tend to have opposite
signs, and their sum amounts to less than ∼1 kJ mol−1 (with the
exception of isomer 29, for which their sum amounts to −7.1 kJ
mol−1, Table S2). Overall, the Gibbs free isomerization energies
at 298 K range between 44.0 and 729.7 kJ mol−1 (Table 1).
3.2. Performance of DFT Procedures as a Function of

the P1 Strain Indices. In the previous section, we showed that
there is a correlation between the single pentagon signature P1
indices and relative CCSD(T)/TZ isomerization energies
(ΔEe,iso). Here we will examine the performance of DFT
methods across the rungs of Jacob’s Ladder for the isomerization
energies as a function of the P1 values. Table 2 gives an overview
of the root-mean-square deviations (RMSDs) for the DFT
methods that were considered in this work. The RMSDs over
the entire set of isomers span for the conventional DFTmethods
over a wide range between 11.4 (TPSSh) and 103.0 (LC-ωPBE)
kJ mol−1. Inspection of the RMSDs for the different P1 values in
Table 2 reveals that, for most functionals, there is a clear
correlation between the deterioration in performance and the P1
value. Figure 4 depicts the RMSDs for a representative set of
functionals as a function of the pentagon P1 indices. For the
subset of isomers associated with a low strain index of P1 = 11,
the HGGA and HMGGA methods that include moderate
amounts of HF exchange outperform the GGA and MGGA
functionals. However, as the strain energy increases, the
performance of the HGGA and HMGGA methods deteriorates
significantly, whereas the deterioration in the performance of the
GGA and MGGA functionals is much less sensitive to the strain
energy. As a result, the pure functionals significantly outperform
the HGGA and HMGGA functionals for the isomerization
energies involving the highly strained C40 isomers with P1 > 13.
It is instructive to consider the performance of the range-

separated hybrid and hybrid-meta GGA methods to gain
insights into the role of short-range (SR) and long-range (LR)
HF exchange in the above errors. Let us begin with the screened
exchange hybrid functional HSE06, which is based on PBE0 in

Figure 2. CCSD(T)/TZ relative energies from G4(MP2) theory
(ΔEe,iso, in kJ mol−1) as a function of the single pentagon signature P1
indices.

Figure 3. (a) CCSD(T)/TZ relative energies from G4(MP2) theory (ΔEe,iso, in kJ mol−1) for the C40 isomers (the isomer structures are shown in
Figure 1). (b) Normal distribution of isomerization energies between 0 and 473 kJ mol−1. The Gaussian is centered around a mean of 236.0 kJ mol−1

and has a standard deviation of 124.5 kJ mol−1; the x- and y-axes represent the probability and the isomerization energy, respectively.
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the SR and includes no LR exact exchange. HSE06 shows better
performance than the global hybrid PBE0 across all isomer
subsets. In particular, the RMSD for HSE06 is lower than that
for PBE0 by 1.0 (P1 = 11), 3.2 (P1 = 12), 3.7 (P1 = 13), and 6.2
(P1 > 13) kJ mol−1 (Table 2). Thus, on the one hand, the
improvement in performance increases with the level of
pentagon−pentagon strain energy. On the other hand, the
long-range-corrected (LC) LC-ωPBE functional, which in-
cludes 100% of HF exchange in the long range, leads to a sharp
deterioration in performance with an overall RMSD of 103.0 kJ
mol−1 (Table 2). Again, deterioration in performance is more
pronounced for the highly strained isomers. The other
considered screened exchange hybrid and hybrid-meta func-
tionals N12-SX andMN12-SX show very similar performance to
that of HSE06 across all the isomer subsets. We note that
HSE06, N12-SX, and MN12-SX all involve 25% of short-range
HF exchange and all have a range-separation parameter of ω =
0.11a0−1. The considered LC functionals ωB97X-D, M11, and
CAM-B3LYP with 65−100% exact exchange at long-range show
very poor performance, albeit better than that of LC-ωPBE. The
improved performance of these LC functionals relative to LC-
ωPBE may be partly attributed to smaller range-separation

parameters, namely, ω = 0.4a0−1 for LC-ωPBE compared to
(0.20−0.33)a0−1 for ωB97X-D, M11, and CAM-B3LYP.
The inclusion of MP2-type correlation energy in the

functional form mitigates the deterioration in performance
with respect to the strain energy. As a result, most of the
DHDFTmethods exhibit relatively uniform performance across
the isomers with P1 ≥ 12 (Table 2). Themain exception to this is
the PWPB95 functional, for which there is a linear correlation
between the RMSD and strain energy, namely, we obtain the
following RMSDs: 2.2 (P1 = 10), 3.5 (P1 = 11), 8.7 (P1 = 12),
and 15.3 (P1 > 13) kJ mol−1. Nevertheless, the exceptional
performance of PWPB95 for the low strain isomers is
remarkable. Overall, the RMSDs over the entire set of C40
isomers exceed 10 kJ mol−1 for the DHDFT methods. The
exception to this is mPW2-PLYP, which shows excellent
performance with an overall RMSD of merely 7.5 kJ mol−1.
3.3. Exact HF Exchange and Strain Energy. In the

previous section, we found that inclusion of even moderate
amounts of HF exchange in the functional results in significant
deterioration in performance for the highly strained isomers.
Remarkably, for isomers with P1 > 13 the GGA and MGGA
methods (and even the LSDA method SVWN3) outperform
most of the HGGA and HMGGA methods (Figure 4 and Table

Table 2. Root-Mean-Square Deviations (RMSDs) for the Isomerization Energies in the iso-C40 Database as a Function of the P1
Strain Indices (in kJ mol−1)a

typeb method 11c 12c 13c >13c everythingd

LSDA SVWN3 14.0 23.8 22.3 30.6 25.1
GGA BLYP 8.9 13.6 12.3 18.0 14.5

BP86 11.5 18.8 17.4 24.5 19.9
BPW91 11.4 18.4 16.8 23.4 19.2
PBE 12.4 20.4 19.0 26.3 21.5

MGGA TPSS 10.0 15.4 13.1 18.2 15.3
M06-L 7.6 11.7 8.8 16.4 12.6
MN15-L 11.9 20.5 17.5 22.9 19.8
B97M-V 6.0 6.1 6.1 21.6 13.7

HGGA B3LYP 4.2 12.4 19.5 38.5 25.6
PBE0 4.7 12.5 20.0 42.5 27.9
BH&HLYP 23.0 50.5 64.8 113.2 79.1

HMGGA TPSSh 4.1 3.7 5.1 18.2 11.4
TPSS0 6.3 16.3 24.8 50.4 33.5
PW6B95 5.7 15.1 21.6 41.3 27.9
M06 0.8 4.4 7.2 21.0 13.3
M06-2X 16.7 36.7 44.6 77.7 54.8
MN15c 9.2 21.5 26.0 44.0 31.3

RS HSE06 3.7 9.3 16.3 36.3 23.6
N12-SX 3.7 9.2 16.3 36.5 23.6
MN12-SX 3.2 8.2 14.7 34.5 22.2
CAM-B3LYP 22.3 48.4 58.6 99.1 70.5
ωB97X-D 22.0 47.9 56.7 97.5 69.3
M11 29.6 62.2 71.4 116.8 84.7
LC-ωPBE 34.8 73.6 86.6 143.2 103.0

DHDFT B2-PLYP 8.6 14.7 13.5 17.8 14.9
mPW2-PLYP 5.2 6.7 7.0 9.1 7.5
B2GP-PLYP 8.2 13.4 12.7 13.7 12.7
B2K-PLYP 8.2 13.3 12.8 12.2 12.1
B2T-PLYP 7.2 11.5 10.6 11.3 10.7
DSD-PBEP86 8.6 15.6 15.2 21.4 17.1
PWPB95 2.2 3.5 8.7 15.3 10.2

aThe CCSD(T)/TZ reference values from G4(MP2) theory are listed in Table 1. bLSDA = local spin density approximation, GGA = generalized
gradient approximation, HGGA = hybrid-GGA, MGGA = meta-GGA, HMGGA = hybrid-meta-GGA, RS = range separated, DH = double hybrid.
cP1 value.

dRMSD over the entire set of isomers.
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2). To further examine the relationship between the inclusion of
HF exchange in the functional and the performance for strained
isomers, Figure 5 compares the performance of two popular
GGA methods (BLYP and PBE) with that of their hybrid GGA
counterparts (B3LYP and PBE0). It is evident that the inclusion
of a moderate amount of exact exchange (20−25%) makes these
XC functionals highly sensitive to strain in the C40 fullerenes.
However, the variation in performance is not systematic.
Namely, performance is significantly improved for the low-
strain systems but significantly deteriorates for the high-strain
isomers. First, let us consider the BLYP/B3LYP pair of
functionals, both of which use Becke’s 1988 GGA functional35

with Lee, Yang, and Parr’s correlation functional.34 The RMSD
over the systems involving low strain (P1 = 11) drops from 8.9
(BLYP) to 4.2 (B3LYP) kJ mol−1, while the RMSD over the

highly strained systems (P1 > 13) increases from 18.0 (BLYP) to
38.5 (B3LYP) kJ mol−1. For the systems involving moderate
strain (P1 = 13), the difference between the two functionals is
still significant, namely, BLYP outperforms B3LYP by 7.2 kJ
mol−1 (Table 2 and Figure 5). For the isomers associated with P1
= 12, BLYP and B3LYP result in similar performance with
RMSDs of 13.6 and 12.4 kJ mol−1, respectively.
Similar trends are observed for the PBE and PBE0 functional

pair. For the low-strain isomers, PBE0 outperforms PBE by 7.7
(P1 = 11) and 7.9 (P1 = 12) kJ mol−1. For the isomers with P1 =
13, both functionals give a similar performance with RMSDs of
19.0 (PBE) and 20.0 (PBE0) kJ mol−1, whereas for the highly
strained systems (P1 > 13) PBE outperforms PBE0 by as much
as 16.2 kJ mol−1 (Table 2 and Figure 5).
The above results indicate that the inclusion of a moderate

percentage of HF exchange in the functional form (20−25%)
results in a significant improvement in performance for the low-
strain systems and a significant deterioration in performance for
the high-strain systems. It is instructive to examine inmore detail
the relationship between the amount of HF exchange included
in the functional and the strain energy. For this purpose, we
scanned the percentage of HF exchange between 0 and 100% for
BLYP and PBE. Figure 6 shows the relationship between the
amount of HF exchange and the RMSD over the subsets with
increasing strain energy. For all the subsets (P1 = 11, 12, 13, and
13.5−20) the RMSD exhibits a clear parabolic dependence on
the amount of HF exchange. However, the minimum is shifted
to smaller amounts of HF exchange as the pentagon−pentagon
strain in the fullerene increases. For the BLYP functional we
obtain the minima at optimal percentages of HF exchange of
13% (P1 = 11), 10% (P1 = 12), 7.5% (P1 = 13), and 6% (P1 > 13)
(Figure 6a). In addition, the RMSD at the minimum increases in
the same order, namely, the RMSDs at the minima are 1.3 (P1 =
11), 1.8 (P1 = 12), 4.4 (P1 = 13), and 10.9 (P1 > 13) kJ mol−1.
Similar trends are obtained for the PBE functional (Figure 6b).
However, the optimal percentage of HF exchange is shifted to
higher values compared to BLYP. Namely, the optimal
percentages of HF exchange of 18% (P1 = 11), 15% (P1 = 12),
12% (P1 = 13), and 9% (P1 > 13). The minimum RMSDs are
also slightly higher compared to BLYP, namely, they are 2.6 (P1

Figure 4. RMSDs over the isomerization energies in the iso-C40
database relative to CCSD(T)/TZ reference values from G4(MP2)
theory for selected DFT procedures as a function of the P1 indices (in kJ
mol−1).

Figure 5. RMSDs (in kJ mol−1) for two popular GGA and HGGA functional pairs (a) BLYP and B3LYP and (b) PBE and PBE0. The red arrows
indicate the effect including a moderate amount of HF exchange in the functional form.
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= 11), 2.9 (P1 = 12), 4.0 (P1 = 13), and 12.6 (P1 > 13) kJ mol−1

(Figure 6b).
It has been found that, for systems with an appreciable degree

of multireference character, the inclusion of high percentages of
exact exchange leads to a deterioration in the performance of the
XC functional.25,50,71,72 This deterioration in performance may
be attributed to the replacement of DFT exchange, which
includes some static correlation effects,73−77 with HF exchange,
which introduces a static correlation error for highly multi-
reference systems.78 This static correlation error may become
more pronounced for DFT methods with high percentages of
HF exchange. It is therefore of interest to examine the
multireference character of the C40 isomers. Here, we will
consider two coupled-cluster-based diagnostics for multi-
reference character. The first is an energy-based diagnostic of
the form %TAE[(T)] = 100 × (TAE[CCSD(T)] − TAE-
[CCSD])/TAE[CCSD(T)] (where TAE[CCSD] and TAE-
[CCSD(T)] are the total atomization energies calculated at the
CCSD and CCSD(T) levels, respectively).25,28,79,80 It has been
found that %TAE[(T)] values below 2% indicate systems
dominated by dynamical correlation and that values between 2
and 5% indicate mild nondynamical correlation effects.25,28,79

The%TAE[(T)] values for the C40 isomers are given in Table S3
of the Supporting Information. For the C40 isomers, we obtain %
TAE[(T)] values between 1.25 and 1.5% at the CCSD(T)/6-
31G(d) level of theory. For reasons of computational cost, we
are unable to calculate the %TAE[(T)] diagnostic with a larger
basis set. However, it has been found that the %TAE[(T)]
diagnostic exhibits a relatively weak basis set dependence, and
values obtained with a double-ζ basis set are normally within
∼1% of the basis-set-limit values.25 Despite the relatively low %
TAE[(T)] values, we note that there seems to be a weak linear
correlation (R2 = 0.85) between the %TAE[(T)] values and the
pentagon signature P1 values (see Figure S1 of the Supporting
Information).
The above %TAE[(T)] values are in good agreement with the

T1 diagnostics for multireference character, which are obtained
from CCSD T1 amplitudes. It has been suggested that T1 values
below 0.02 indicate systems that are not dominated by a
multireference character. With one exception, the T1 values
range between 0.01 and 0.02. For isomer 23 (P1 = 14) we obtain

a T1 value of 0.03. We note that, in contrast to the %TAE[(T)]
values, there seems to be no correlation between the T1 and P1
values. For example, the least strained isomer (P1 = 10) and the
most strained isomer (P1 = 20) are associated with similar T1
values of 0.14−0.16 (see Table S3 and Figure S1 of the
Supporting Information). Overall, these results suggest that
nondynamical correlation effects play a relatively minor role in
the deterioration in performance of functionals with high
percentages of exact exchange for the highly strained isomers.
In the context of the performance of functionals with high

percentages of HF exchange, it is also worth performing a
restricted/unrestricted stability analysis (Stable = Opt keyword
in Gaussian). For reasons of computational cost, we performed
these calculations in conjunction with the Def2-TZVPP basis set
for one popular functional with a moderate amount of HF
exchange (B3LYP) and two popular functionals with high
percentages of HF exchange (BH&HLYP and M06-2X). For
B3LYP (20% HF exchange), employing the UB3LYP formalism
leads to relatively small energy lowering relative to RB3LYP by
1−10 kJ mol−1 for seven of the isomers. However, these
symmetry-broken solutions lead to a negligible reduction in the
overall RMSD by 0.8 kJ mol−1. For M06-2X (54% HF
exchange), the UM06-2X formalism leads to energy lowering
by 3−18 kJ mol−1 for six of the isomers. Again, this only leads to
a small reduction in the overall RMSD by 1.8 kJ mol−1. For
BH&HLYP, the UBH&HLYP formalism leads to a significant
lowering of the energies relative to RBH&HLYP and to a more
significant reduction in the overall RMSD by 22.2 kJ mol−1.
Having said that, the overall RMSD for UBH&HLYP/Def2-
TZVPP still remains very high at 56.7 kJ mol−1. We note that it
has been found that fullerenes that are not strongly correlated
may exhibit artificial symmetry breaking with heavily spin-
contaminated unrestricted HF (UHF) solutions.81

The above results indicate that the energetic destabilization
associated with pentagon adjacency in fullerenes is a challenging
problem for DFT methods and that functionals with high
percentages of exact exchange show poor performance for
fullerenes with larger pentagon signature P1 indices. Pentagon
fusion in fullerenes involves both angular and π-electronic strain
effects.82−84 It is already well-established that isomerization
energies involving strained hydrocarbon rings and cages pose a

Figure 6.Dependence of the RMSDs on the HF exchange mixing coefficient for two GGA functionals (a) BLYP and (b) PBE for the subsets involving
varying degrees of pentagon−pentagon strain (P1 = 11, 12, 13, and P1 > 13).

The Journal of Physical Chemistry A pubs.acs.org/JPCA Article

https://doi.org/10.1021/acs.jpca.2c02246
J. Phys. Chem. A 2022, 126, 4709−4720

4715

https://pubs.acs.org/doi/suppl/10.1021/acs.jpca.2c02246/suppl_file/jp2c02246_si_001.pdf
https://pubs.acs.org/doi/suppl/10.1021/acs.jpca.2c02246/suppl_file/jp2c02246_si_001.pdf
https://pubs.acs.org/doi/suppl/10.1021/acs.jpca.2c02246/suppl_file/jp2c02246_si_001.pdf
https://pubs.acs.org/doi/suppl/10.1021/acs.jpca.2c02246/suppl_file/jp2c02246_si_001.pdf
https://pubs.acs.org/doi/10.1021/acs.jpca.2c02246?fig=fig6&ref=pdf
https://pubs.acs.org/doi/10.1021/acs.jpca.2c02246?fig=fig6&ref=pdf
https://pubs.acs.org/doi/10.1021/acs.jpca.2c02246?fig=fig6&ref=pdf
https://pubs.acs.org/doi/10.1021/acs.jpca.2c02246?fig=fig6&ref=pdf
pubs.acs.org/JPCA?ref=pdf
https://doi.org/10.1021/acs.jpca.2c02246?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as


significant challenge for many DFT functionals.23,24,27,85−87

Although it is difficult to separate between different types of
strain energies,23,24,88 it seems there is little correlation between
deterioration in performance and the inclusion of moderate-to-
high percentages of exact exchange for the benchmark sets
involving high angular strain. Thus, the observed deterioration
in performance in the present study may be attributed to π-
electronic effects or the combination of both π-electronic and
angular strain effects. To further examine this issue, we
constructed a small benchmark set comprising polycyclic
hydrocarbons with two, three, and four fused pentagon rings,
shown in Scheme 1. For these small model systems containing

up to 12 carbon atoms, we were able to obtain CCSD(T)/CBS
isomerization energies for the fused-polypentagon → ethynyl-
substituted benzene isomerization reaction. The CCSD(T)/
CBS reference values are obtained from W1−F12 theory.89 For
the purpose of this benchmark, it is sufficient to use the valence
part of the W1−F12 energy (denoted by W1−F12val).
Table 3 gives the W1−F12val isomerization energies as well as

the deviations from the W1−F12val isomerization energies for
selected DFT methods. We start by noting that G4(MP2)
attains a mean-absolute deviation of 3.6 kJ mol−1 (and an RMSD

of 4.2 kJ mol−1) relative to the CCSD(T)/CBS reference
energies from W1−F12val theory. The selected functionals in
Table 3 comprise several GGA methods and their HGGA/
HMGGA counterparts. For all hybrid functionals, the deviations
from W1−F12val theory (in absolute value) increase with the
pentagon adjacency count, that is, in the order (1) < (2) < (3)
(Table 3). However, the deterioration in performance becomes
significantly more pronounced for the methods with high
amounts of HF exchange (BH&HLYP, M06-2X, and M06-HF).
It is instructive to consider the Minnesota family of functionals
M06-L, M06, M06-2X, and M06-HF. For reaction (1) all
functionals attain similar deviations ranging between 20.1
(M06-L) and 24.2 (M06-2X) kJ mol−1, which do not correlate
with the amount of HF exchange in the functional form (Table
3). For reaction (2), which involves a higher degree of
pentagon−pentagon strain, there seems to be some correlation
between the performance of the functionals and the amount of
HF exchange. Namely, M06-L/M06 attain deviations of 34.0/
37.0 kJ mol−1, while M06-2X/M06-HF attain deviations of
41.8/41.3 kJ mol−1. However, for reaction (3), which involves
the highest degree of pentagon−pentagon strain, there is a clear
correlation between performance and the amount of HF
exchange. Namely, we obtain deviations of 21.2 (M06-L, 0%
HF exchange), 40.8 (M06, 27% HF exchange), 57.2 (M06-2X,
54% HF exchange), and 76.2 (M06-HF, 100% HF exchange) kJ
mol−1.
3.4. Dispersion Corrections. Table 4 gathers the differ-

ences in RMSD between the dispersion-corrected and
uncorrected DFT functionals using the recently developed D4
correction (ΔD4 = RMSD(DFT) − RMSD(DFT-D4)). A
positive ΔD4 value indicates that the D4 correction improves
the performance of the functional, whereas a negative value
indicates deterioration in performance. Upon inspection of
Table 4 two general trends emerge, namely, (i) dispersion
corrections tend to systematically deteriorate the performance
of the GGA, MGGA, and DHDFT methods and systematically
improve the performance of the HGGA and HMGGA methods
and (ii) the effect of the dispersion correction tends to increase
with the strain in the system. The inclusion of the D4 correction
affects the isomers involving low strain energies (P1 = 11) by less
than 2 kJ mol−1. For the subsets of isomers with P1 = 12 and 13,
the effects of the D4 correction increase up to ∼5 kJ mol−1.
However, for the highly strained isomers (P1 > 13), the ΔD4
values are more pronounced and exceed 5 kJ mol−1 for nearly all
GGA, MGGA, HGGA, and HMGGA methods. Notably large
ΔD4 values of up to ∼10 kJ mol−1 in absolute value are obtained
for the BLYP, BPW91, and B3LYP methods (Table 4).

4. CONCLUSIONS
We obtain high-level CCSD(T) isomerization energies for a
large and diverse set of 29 C40 fullerenes. The isomerization
energies are calculated using the high-level G4(MP2) composite
ab initio method. This is the first time that CCSD(T)/TZ
reference isomerization energies are obtained for a compre-
hensive set of fullerene isomers. We show that there is a linear
correlation between the isomerization energies and the single
pentagon signature P1 indices, which reflect the strain associated
with fused pentagon−pentagon rings. Overall, the G4(MP2)
isomerization energies span 43.1−763.3 kJ mol−1, where the
energy distribution has the shape of a Poisson function but with
a small number of highly stable or highly energetic isomers and a
large number of isomers (60%) with intermediate energetic
stability. These benchmark isomerization energies enable a

Scheme 1. Schematic Representation of the Isomerization
Reactions in Which a Fused-Polypentagon Is Converted to
Ethynyl-Substituted Benzene

Table 3. Deviations from W1−F12val CCSD(T)/CBS
Reaction Energies for Selected DFT Methods for the
Isomerization Reactions 1−3 (Scheme 1)a

method (1) (2) (3) RMSDb

TPSS 3.9 6.6 −15.4 9.9
TPSSh 3.5 6.2 −11.4 7.8
PBE −2.2 −10.3 −46.7 27.6
PBE0 −2.3 −8.3 −31.0 18.6
BLYP 29.3 56.7 59.8 50.5
B3LYP 26.3 51.3 60.2 48.1
BH&HLYP 26.2 55.8 83.1 59.7
M06-L 20.1 34.0 21.2 25.9
M06 20.2 37.0 40.8 33.9
M06-2X 24.2 41.8 57.2 43.2
M06-HF 22.8 41.3 76.2 51.7
W1−F12val 52.7 101.9 112.9 N/A

aDeviations in the isomerization energies relative to the W1−F12val
reference values listed in the bottom line. bRMSD over the three
reactions.
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comprehensive examination of hybrid DFT methods. We find
that (i) there is a general correlation between the performance of
hybrid DFT methods and the single pentagon signature P1
indices and (ii) hybrid methods with high percentages of HF
exchange perform poorly for the highly strained isomers. In
particular, the inclusion of moderate amounts of exact Hartree−
Fock exchange improves performance for the low-strain isomers
but significantly deteriorates performance for the high-strain
isomers. For example, for the GGA method BLYP we obtain
RMSDs of 8.9 (P1 = 11), 13.6 (P1 = 12), 12.3 (P1 = 13), and 18.0
(P1 > 13.5) kJ mol−1, whereas for the hybrid GGA method
B3LYP we obtain RMSDs of 4.2 (P1 = 11), 12.4 (P1 = 12), 19.5
(P1 = 13), and 38.5 (P1 > 13.5) kJ mol−1. Examination of the
optimal percentages of Hartree−Fock exchange reveals that
there is an inverse relationship between the optimal percentage
of HF exchange and the strain energy reflected by the P1 indices.
For example, for the BLYP functional the optimal percentages of
HF exchange are 13% (P1 = 11), 10% (P1 = 12), 7.5% (P1 = 13),
and 6% (P1 > 13), and the corresponding RMSDs are 1.3 (P1 =
11), 1.8 (P1 = 12), 4.4 (P1 = 13), and 10.9 (P1 > 13) kJ mol−1.
These results indicate that functionals with low percentages of
HF exchange should be used for investigating moderately or
highly strained fullerenes. Overall, the strain associated with
pentagon adjacency is an inherently challenging problem for
hybrid DFT methods involving high percentages of exact
exchange. The best-performing DFT functionals from each rung
of Jacob’s Ladder are as follows.

• LSDA: SVWN3 (RMSD = 25.1 kJ mol−1)

• GGA: BLYP (RMSD = 14.5 kJ mol−1)

• Meta-GGA: M06-L (RMSD = 12.6 kJ mol−1)

• Hybrid-GGA: B3LYP (RMSD = 25.6 kJ mol−1)

• Hybrid-meta-GGA: TPSSh (RMSD = 11.4 kJ mol−1)

• Range-separated: MN12-SX (RMSD = 22.2 kJ mol−1)

• Double-hybrid DFT: mPW2-PLYP (RMSD = 7.5 kJ
mol−1)
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